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We discuss the consistency of fermion mass generation by boundary conditions and 
brane locahzed terms in higher dimensional Higgsless models of gauge symmetry 
breaking. The sum rules imposed by tree-level unitarity and Ward Identities are 
'nI" I applied to check the consistency of mass generation by orbifold projections and more 

I general boundary conditions consistent with the variational principle. We find that 

CN ' the sum rules are satisfied for boundary conditions corresponding to brane localized 

^ ■ mass and kinetic terms consistent with the reduced gauge symmetry on the brane. 



PACS numbers: ll.lO.Kk, 11.15.-.Ex, 12.15.-y 



I. INTRODUCTION 



Recently a new class of models of electroweak symmetry breaking (EWSB) without Higgs 
^ ' bosons has been proposed 0] in the setting of an additional dimension at the TeV scale . 
■ Since Higgsless EWSB is not possible using the abelian orbifold constructions usually em- 
ployed in higher dimensional models of grand unified theories (GUTs) j3[0,|^, a more general 
I approach to symmetry breaking by Dirichlet boundary conditions (BCs) has been utilized 
I ■ in these models. This construction has been found to be consistent with the variational 
principle, tree level unitarity [l| and Becchi-Rouet-Stora-Tyutin (BRST) symmetry |6i] . 
^ , There are by now several variants of this setup in warped space 0, H 0| fl^-t 

space While there is some tension in satisfying precision data and constraints from 

1^ ■ partial wave unitarity at the same time [1, US]; it has been suggested that these problems 
5_j ■ can be overcome by appropriate brane kinetic terms (BKTs) for the gauge bosons 
^ ' In the Higgsless higher dimensional models, the unitarity sum rules (SRs) that guaran- 

tee the boundedness of the amplitude at large energies are satisfied because of interlacing 
cancellations among the Kaluza-Klein (KK)-states of the gauge bosonsJl|Jll| instead of the 
exchange of a scalar boson like in 4 dimensional dimensional theories jl2j,Jl3|. This observa- 
tion has also inspired new four dimensional models of Higgsless EWSB |14|| with improved 
unitarity properties. While the most dramatic violations of unitarity can occur in the scat- 
tering of massive gauge bosons, in the Standard Model (SM) the Higgs mechanism is also 
invoked to cancel divergences in the amplitudes for gauge boson production by fermions. 
Therefore, without a Higgs boson, also an inherently higher dimensional mechanism has to 
be employed to generate fermion masses without spoiling unitarity. In ^| bulk fermions 
with BCs corresponding to brane localized mass terms have been proposed for that purpose. 
Such mass terms have been discussed for Majorana fermions in the context of M-theory 
or Supergravity breaking jl^ 12, EM 3 or Neutrino masses jl^, but brane induced Dirac 
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masses and the corresponding KK-decomposition in the context of gauge symmetry breaking 
have been discussed in less detail. 

The consistency of the BCs corresponding to boundary mass terms with the variational 
principle has been discussed in [l^ but in gauge theories also the interplay of fermion and 
gauge boson BCs has to be taken into account in order not to violate unitarity or the Ward 
identities (Wis) resulting from ERST symmetry. Since gauge symmetry breaking by orbifold 
and Dirichlet BCs leads to a reduced gauge symmetry on the boundary 0|, the inclusion of 
brane localized terms invariant under the reduced gauge symmetry can be regarded as an 
explicit but 'soft' symmetry breaking. For brane localized matter fields, the consistency of 
this explicit breaking with unitarity and Wis has been checked in 0, 13 and in this work we 
extend this analysis to brane localized mass and kinetic terms of bulk fermions. 

In section |n] we review briefly the main ingredients of Higgsless EWSB and fermion 
masses. In section IIIII we verify the SRs from tree unitarity and Wis for fermion masses 
resulting from orbifold projections and discuss the possibility for Higgsless fermion masses 
in this framework. In section IIVI the consistency of fermion masses from brane localized 
mass and kinetic terms and from mixing with brane fermions is discussed. 



II. HIGGSLESS EWSB AND FERMION MASSES 

We now outline the mechanism of Higgsless EWSB by Dirichlet BCs and the generation 
of fermion masses by boundary terms in the flat space toy model of 0, 0|. This is not 
yet a viable model and to obtain the correct masses for the weak gauge bosons, one must 
either introduce a warped compactification |l7l] or include brane localized kinetic terms |lol |. 
However for the issue of fermion mass generation, the essential features can be discussed 
already in the simpler framework provided by the flat space toy model. 



A. Higgsless gauge symmetry breaking 

The mechanism of Higgsless EWSB proposed in f]\ prescribes Dirichlet BCs to the gauge 
bosons associated to the broken symmetry generators (identified by a hat) and Neumann 
BCs to the unbroken gauge bosons: 

4(y/) = , dyA;{yf) = (1) 

where i/f denotes one of the endpoints of the interval [0, ttR] of the fifth dimension. This 
symmetry breaking by BCs allows to avoid the group theoretical constraints from abelian 
orbifold symmetry breaking j5j]. Physically, the Dirichlet BCs can arise from the coupling to 
a boundary Higgs boson with a vacuum expectation value that is pushed to infinity [l|, |5| . 
The important common property of Dirichlet BCs and orbifold breaking ensuring unitarity 
of gauge boson scattering ^ and BRST symmetry \E\ is the vanishing of the wavefunctions 
of the broken gauge bosons at the branes. Via the gauge transformation law, this implies 
also the vanishing of the gauge parameters corresponding to the broken generators (and the 
vanishing of the wavefunctions of the ghosts associated to the broken gauge bosons in the 
BRST formalism f^). Therefore the concept of a reduced gauge or BRST symmetry on the 
branes can be introduced similar to the orbifold case j^. 

The group structure of Higgsless EWSB employed in ^ is a left-right symmetric bulk 
symmetry group SU{2)l x SU{2)r x U{1). On the brane at y = nR = £ the left-right sym- 
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metry is broken to the diagonal subgroup SU{2)l+ji by assigning Dirichlet BCs to the broken 
components A''"' = -^{Aj^'"" — A^'"-) while the unbroken components Ap°- = -^{Aj^''^ + A^'°-) 
and Bfj^ satisfy Neumann BCs. Analogously, on the second brane at y = the symmetry 
is broken according to SU{2)ji x U{1) ^ U{1)y by prescribing Dirichlet BCs to the fields 
A^'^^"^ and {g'Bf^ — gA^'^) while the unbroken fields are Aj^'"- and the linear combination 
{gBfj^ + g'A^'^). The only unbroken component that satisfies Neumann BCs at both branes 
and therefore possesses a massless zero mode is the combination 7^ := gBf^ + g'{Aj^'^ + A^'^). 

Using a theory space approach, a simpler setup involving only a bulk SU{2) has been 
proposed 3| but a prescription how to incorporate fermions in a true five dimensional 
version of the model has not been given. 



B. Higgsless fermion masses 



To reproduce the SM fermion spectrum, in [15|] a bulk fermion is introduced for every 
chiral fermion. As an example, the left handed doublet (ml,c^l) is the zero mode of a 
bulk SU{2)l doublet while the righthanded quarks UR,dji are contained in a bulk SU{2)r 
doublet^ 



XuR \ I XdR 



The righthanded massless modes of \E'q^ and the lefthanded massless modes of \E'q^ can be 
projected out by BCs similar to those of fermions on an orbifold [21, 22] (see section |IIIA|1 . 

In jl^ , brane localized mass terms are used to generate Dirac masses for the zero modes 
of bulk fermions. On the brane ai y = i, only the diagonal subgroup of SU{2) l x SU{2)r 
is unbroken and Dirac masses terms consistent with this symmetry can be added: 

= -6{y - e)MDi{^L'^R + ^r'^l) (3) 

On the brane at ?/ = 0, the broken SU{2)r allows to lift the degeneracy of the masses in 
the isospin multiplets. A mass splitting in the quark sector can be generated by introducing 
brane localized vectorlike fermions ipu = {Xu, Vu) that have the same quantum numbers as 
the up-type quarks. One can then add a brane term mixing the right handed bulk up-type 
quarks with the brane fermions 

^0 = -6{y)Mi'/\uRXu + XuUr) (4) 

to generate a mass splitting among the up-and down type quarks. The mass splitting in 
the lepton doublet can be generated analogously. As noted in jl^ , a similar mass spectrum 
can be obtained from BKTs jl^ for the right handed bulk fermions without the need to 
introduce brane localized fermions. 

As in the model of Nomura in 0] there are other less minimal possibilities to obtain the 
SM fermion spectrum, employing the same ingredients of brane mass terms and mixing with 
brane fermions. In the remainder of this work, we consider generic features of BKTs and 



^ Our notation for fermions in five dimensions is introduced in section Ull Al and appendix I A 21 
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mass terms of the form Q and ^ so our conclusions apply to any construction using these 
ingredients. This should also be useful in a more general context than EWSB like Higgsless 
breaking of GUT symmetries that is not possible from orbifolding, e.g. the breaking of 
SO{10) to the SM in five dimensions. 

III. CONSISTENCY OF FERMION MASSES FROM ORBIFOLDING 

Since the symmetry breaking SU{2)i x SU{2)ji — > SU{2)l^r used in Higgsless EWSB 
is isomorphic to the allowed orbifold symmetry breaking pattern |5| SO {A) S'0(3), it can 
also be described in terms of orbifold breaking, as already noted in ^ . In section IIII Al we 
discuss the generation of fermion masses from this perspective, providing an alternative to 
the brane localized mass terms. We then apply the methods of ^ to bulk fermions and 
verify the consistency of gauge symmetry breaking by orbifold BCs. The extension to the 
more general BCs resulting from brane localized terms is discussed in section IIVI 

A. Orbifold symmetry breaking and Higgsless fermion masses 

Before we turn to the orbifold description of the symmetry breaking SU{2)l x SU (2) r — » 
SU{2) L^ji we need to recall some results on fermions on a 5 dimensional orbifold (2ll . l22j | 
in the connection of gauge symmetry breaking (see e.g. HHI). The orbifold 5/(^2 x Z'^) 
is obtained from the circle by identifying points under the action of the two reflections 
Z2 '■ y —y and Z'2 : {y — nR) —{y — nR). Fields defined on an orbifold need only be 
invariant under the reflections up to transformations Z that are a representation of Z2 in field 
space and leave the lagrangian invariant. In the following, gauge bosons in five dimensions 
are decomposed into a four dimensional vector and a scalar according to^ = (A^, 
For the case of a five dimensional gauge theory coupled to fermions, the combined orbifold 
transformations take the form j24l] 

A';{x,-{y -yf))) = Z:i4{x,y -yf) 

r{x, -{y- yf)) = -zll<p\x. y - yf) (5) 

-{y- yf)) = ^j{x, y - yf) 

with yf = 0,i = TcR. The representation matrices Z^l must satisfy Z"^ = 1 so their 
eigenvalues are r]a^ = ±1. For r]a^ 7^ 1, the wavef unctions of the vector components of the 
gauge fields must vanish at the fixed point so there the gauge symmetry is broken to 
a subgroup H. The A are hermitian matrices acting in the representation of the fermions, 
satisfying in addition A = A~^. In order to leave the interaction with the gauge bosons 
invariant under the transformation (0), in the basis where the Z are diagonal, the condition 

Ar-^A = VaT"" (6) 

must be satisfied. Here the r are the generators of the gauge group in the representation of 
the fermions. 



^ See appendix for our conventions for the KK decompositions and the resulting effective lagrangian of 
the KK-modes. 
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The KK-decomposition of five dimensional fermions is introduced as (c.f. appendix lA 21 
for details) 

where the 4-dimensional spinors of the KK modes satisfy the Dirac equation ()A.14|) . 

In the basis where the A^-'' are diagonal with eigenvalues Af-'^ = ±1, the KK modes 
transform under the orbifold transformation according to (2ll . 

ct(-(2/-y/)) = ±Arct(y-2//) (8) 

Therefore for Aj = 1 only the right-handed fermions possess zero- modes, for Aj = — 1 only 
the left-handed. 

We will now introduce an orbifold approach to the breaking SU{2)i x SU{2)ji — >• 
SU{2)l+r and discuss how Dirac masses for the lightest fermions can be obtained. We 
collect the gauge fields in a vector Am = (^l, ^i?) and assign the orbifold parities 

Z0 = 1 , Z' = a' (9) 

where the sigma matrices act on the L/R indices, not on the indices of the gauge group. 
The transformation ^ is diagonalized by going to the basis 

A^i'' = ^{A'm" ± (10) 

so that = ±1. 

As a simple model for the setup discussed in section |nj we will consider two bulk fermion 
doublets: \E'i charged under SU{2)l and charged under SU{2)r. Assembling and 
^> in a vector \& = (\E'l, r)-, the interaction lagrangian of the fermions can be written as 

= -^^.(x,i/)r^T^ [Att{x,y) + a,Alt{x,y)] (11) 



In contrast to the example of five dimensional QED (22!], the left-right symmetric gauge 
symmetries in the bulk forbid the addition of explicit bulk mass terms connecting \E'^ and 
^L- Instead, we can give mass to the lightest KK modes using an appropriate orbifold 
transformation. The generators of the transformation of the fermions must satisfy (jH)), i.e. 
A^ has to anticommute with . To mix l and r we choose 

A° = -a3 , \' = a, (12) 

where again the sigma matrices act on the L/R indices. More explicitly, the transformations 
of the fermions are given by 



^l/r{x, -y) = Tl^'^L/Rix^y) 
^L{x,-{y -i) =i^^R{x,y -£) 



5,. «^ (13) 



so at 1/ = we project out the righthanded zero modes of \I'l and the lefthanded zero modes 
of "^R while the transformation at y = i mixes l and r, in order to generate Dirac masses 
for the surviving zero modes. The orbifold symmetries ()13|) are consistent with a bulk mass 
term m(?/)(^\I') where m{y) is an odd function under the orbifold transformations. 
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As a simple example, we consider a mass term given by a step function m{y) = me{y). 
The KK-wavefunctions for more usual BCs have been given e.g. in Imposing the 

orbifold condition ()13|) at y = i we obtain the KK wavefunctions in the interval [0; i] up to 
normalization as 

CL,niy) = (cos{Ky) + f- sm{kny) 



CL,„(l/) = '^sin(fc„|/) 

CR,niy) = -Pn^smiKy) ^ ^ 



CR,n(y) = f^ri [cos{Ky) - ^ sin(/c„|/) 

with finTTtn = m± m? + and k'^ = m^ — m?. The quantization condition for the masses 
is given by: 

kn (15) 



^ tan(A;„7r_R) 



Therefore, our construction indeed gives Dirac masses connecting the left-handed component 
of L and the right handed component of that are determined by the bulk mass m. It 
is beyond the scope of this paper to discuss the viability of this setup in the context of a 
realistic model. At any rate, the split of the masses within the isospin multiplets has to 
occur in the context of the SU{2)ji x U{1) — >■ U{1)y breaking aX y = that cannot be 
achieved by orbifolding alone. 



B. Consistency with unitarity and Wis 

Having described how to obtain fermion masses from orbifold BCs, we now turn to the 
verification of the consistency of orbifold symmetry breaking, using tree level unitarity and 
Wis as criteria. In KK-gauge theories, using an appropriate gauge fixing. Wis similar to 
those in a four dimensional spontaneously broken gauge theory (SBGT) are valid with the 
scalar component of the five dimensional gauge boson taking the role of the Goldstone 
bosons (GBs) [6^,1^. In it has been shown that the SRs ensuring unitarity cancellations 
can also be derived by imposing those Wis on a minimal set of scattering amplitudes. Thus 



the unitarity conditions for the fermion couplings l2| can be obtained in a simpler way from 
the Wis for the // ^ WW amplitude. 

In gauge boson production from fermions, the cancellation of the terms growing with the 
square of the energy is ensured by the relation (see ()A.9|) and ()A.17|) for the definition of 
the coupling constants) 

^R/LIJ^R/LJK ^R/LIJ^R/LJK — y ^R/LIK yi-'OA) 

that has the form of a Lie algebra for the Tr/l- Here we have combined the KK and the group 
indices into multi-indices (n, i) = I and (a, i) = a and have used a summation convention. 
The cancellation of the sub leading divergences oc E implies the relation 

-^alijr^jK - -^r^ualjK = aliK^, (i6b) 

This relation can be interpreted as an invariance condition of the Yukawa coupling gf^jj 
under transformations generated by the T and T. In general, an additional term involving 
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the Higgs coupling appears in this condition BQ. In (|T6K|l the coupl ing of the fermions 
to the GBs 5'2/i4' satisfy the relation 

'^aQlij = -lijniT^jj - mjT^jj) (17a) 

and the coupling of the GBs to the gauge bosons has to satisfy 



These conditions arise from the Wis for three point vertices 

The fulfillment of the SRs (fTBj) and (fT7j) is a necessary but no sufficient condition for 
perturbative unitarity. In four dimensional SBGTs, an upper bound on the Higgs mass can 
be obtained demanding that unitarity cancellations set in before partial wave unitarity gets 
violated . Although a rigorous derivation has not yet been given, similar considerations 
in Higgsless higher dimensional models lead to an upper bound on the masses of the lightest 
KK excitations of the gauge bosons as discussed by Davoudiasl et.al in 0. Furthermore, 
partial wave unitarity in compactified higher dimensional gauge theories is violated by the 
infinite number of KK modes so these theories have to be considered as effective theories 
valid below a scale determined by the higher dimensional dimensionfull gauge coupling 
constant In the following, we will only be concerned with the SRs (fT^ and ()17|) 

ensuring the cancellation of the terms diverging with the energy. 

To check (|T7aj), using the relation among the gauge boson wavefunctions ()A.7|) and the 
equations of motion ()A.15|) we obtain, integrating by parts: 

ma9hj = i^^- / dyCtiy)Cj{y)dyny) (18) 



an 



This is in agreement with the result (|17a|) from the WI provided the boundary term vanishes. 
For the coupling to broken gauge bosons this follows since the gauge boson wavefunction /" 
at the fixed point vanishes for orbifold or Dirichlet BCs. Then fjl7a|) is satisfied independent 
of the BCs of the fermions. 

For the coupling to unbroken gauge bosons we have to use the consistency condition ® . 
In the basis where the orbifold transformation of the gauge bosons is diagonal it implies 

T«(A,-A,)=0 (19) 

and therefore Aj = Xj if the generators are nonvanishing. Thus either or (~ vanishes since 
the left and right handed modes have different orbifold parity. Therefore ()17a|) is satisfied for 
orbifold gauge symmetry breaking. The consistency condition for a more general symmetry 
breaking by BCs is that the couplings of the unbroken gauge bosons must connect fermions 
with the same BCs. 

The relation ()17b|) can be verified analogously using the relation among the wavefunc- 
tions ()A.7|) . integrating by parts two times and using the equation of motion for the KK- 
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wavefunctions ()A.4|) : 



Ir"" I d^y 



diny)f{y)f?{y) - ny)dlf{y)ny) - ny)F{y)diny) 



(20) 

The boundary terms occurring in the integration by parts are of the form [dyf^f^f^]. As has 
been shown in ^ these terms vanish as long as the wavefunctions of the broken gauge bosons 
are zero on the boundary so both orbifold and general Dirichlet BCs are consistent with 
unitarity and Wis. 

Conditions similar to (fT^ have been discussed in detail for the gauge boson SRs in [l|, 0| 
so here we will be brief. Performing the sum over the KK-modes using the completeness 
relations for the fermion and gauge boson wavefunctions, the same integral over the KK 
wavefunctions appears in every term and both equations of reduce to the Lie algebra 
of the generators of the gauge group. For instance, the condition ()16b|) turns into 

= (K, A - ir'^T^) I dy r{y)g%y)Ci{y)Cj{y) (21) 

Note that the unitarity cancellations require to sum over the KK-towers of both fermions 
and gauge bosons so it is essential that the fermions propagate in the bulk. 



IV. CONSISTENCY OF BRANE LOCALIZED TERMS 

We now turn to the verification of the SRs for theories including brane localized terms 
like Q and In section QV Al we review the consistency of BCs with the equations 

of motion. In section IIV Bl we discuss the consistency of the BCs corresponding to brane 
localized masses, extending the analysis of section Ull Bl Brane localized kinetic terms and 
mixing with brane fermions are discussed in section IIV CI 



A. Generalized boundary conditions 

There are two approaches to theories on an orbifold: in the interval approach (sometimes 
called 'downstairs' approach) one uses continuous fields on the physical interval [0, vri?] while 
in the orbifold (or 'upstairs') approach fields are defined on the circle [0, 2t[R[ and discon- 
tinuities are allowed at the orbifold fixed points 0, ttR. The treatment of brane localized 
terms like (jS)) and Q differs in the two approaches. In the interval approach, one imposes 
appropriate BCs at the boundaries instead of including the singular terms involving delta 
functions in the equations of motion In the orbifold approach, singular terms are in- 
cluded in the equations of motion and ordinary orbifold BCs are imposed at the fixed points. 
Nontrivial BCs that determine the discontinuities in the wave functions and the mass spec- 
trum are derived by ^integrating the equations of motion in an infinitesimal interval around 
the fixed points 



Dy mtej 

3,0. 
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In this section we take the interval point of view and review possible BCs consistent with 
the equations of motion, following but focusing on models with a left-right symmetry 
in the bulk and BCs corresponding to Dirac masses. (For a discussion of consistent BCs for 
fermions in six dimensions see |25]). 

In order to obtain equations of motion without boundary terms, the BCs have to be 
chosen so that the boundary terms in the variational derivation of the equations of motion 
vanish. To obtain these conditions, we write the kinetic term in the symmetric form 



(22) 



where again \& = (\1//,, The boundary terms appearing in the variation of the action 
are given by 

^ J d^x [{S^h'^ - ^^'6^] l = ljd'x [5x^r] - 5v^x - X^^V + v'^^x] [ (23) 

We will now impose the BC that the term in brackets vanishes at each boundary yj = 0,i. 

Of course the simplest solution is to demand that every term in fl23p vanishes by itself, 
e.g. by demanding 

ViiVf) = XRiVf) = (24) 

Here also the corresponding variations are demanded to vanish. This corresponds just to 
the orbifold BCs discussed in the previous section. A less trivial solution corresponds to 
the introduction of a brane Dirac mass term (c.f. appendix IB 1|) . In contrast to the case of 
Majorana fermions discussed in detail in we cannot demand BCs of the form ?7l/_r oc 
Xl/r- We can, however, choose a BC that mixes and "^r: 



XLiVf) = -tanay^XRiVf) 
VLiVf) = cot ay ^.r]n{yf) 



(25) 



so that 



Sx{vl + SxrVr 







Vf 



(26) 



and so on. This generalizes the orbifold BC (jl3p that corresponds to the special case a = |. 
Instead of (jl5j) we obtain the mass quantization condition 



CL,n(^/) 



— tan a 



Vf 



Another choice of BCs consistent with the variational principle is |l5l | 



xiVf) 



ma' 



(27) 



(28) 



This BC corresponds to a brane kinetic term (c.f. appendix IB 2|) . Here the boundary 
terms ()23|) vanish since the operator ia^d^ is hermitian: 



d^x 



^XrHr - ^VrXr 



= —IK 


f d^X 


■J Vf J 





Vf 



(29) 



A generalization of (|^H|) appears for mixing with brane localized fermions (c.f. section HV C|) . 
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The advantage of the interval approach adopted in this section is that discontinuous 
wavef unctions and the associated ambiguities are avoided. In gauge theories, however, con- 
sistency with the variational principle is not the only consistency requirement. Assigning 
BCs at will can violate unitarity or Wis, even if the action is gauge invariant and the BCs 
are consistent with the equations of motion. A drawback of the interval approach is that 
the compatibility of the BCs with the gauge symmetry is not apparent while these issues are 
much more transparent in the equivalent description in terms of brane localized terms on 
orbifolds. Therefore both approaches will be taken into account in the subsequent discussion 
of the consistency of BCs, providing useful cross checks of the results. 

As a further alternative to brane located mass terms, an equivalent description in terms 
of Scherk-Schwarz breaking on orbifolds has been found for suitable Majorana brane mass 
terms It would be interesting to extend this analysis to brane induced Dirac masses in 
the context of gauge symmetry breaking, but this is beyond the scope of this work. 



B. Brane localized Dirac masses 



We now extend the discussion of section UlIBI to the more general BCs ()25p . As discussed 
in appendix IB II such BCs arise also from a brane localized mass term. We consider the same 
gauge symmetry breaking pattern SU{2)l x SU{2)r SU{2)l^ji like in section ITlI Al but 
rather than mixing and by an orbifold transformation as in (jl3p . this is achieved by 
the mass term Q. While in a realistic model this must be combined with isospin breaking 
brane terms at y = 0, only the BCs at y = i are important in the subsequent discussion 
and the consistency of the brane localized terms at the other boundary can be discussed 
separately (see section irVC|) . 

For simplicity, we set the bulk masses to zero so the KK wavefunctions of the left-and 
right handed wavefunctions are related as 



Cijiy) = CA,/(z/) = Ci (y) 
CtM = -CrAv) = Ctiy) 



(30) 



(see fll4j) for m = 0). The equations of motion ()B.1|) imply the equations for the KK- 
wavef unctions: 

ddf T mjCf + 6{y - i)MniCf = (31) 

As derived in appendix IB 1\ the KK wavefunctions satisfy the BCs (|27p with a = artanhAf^^ 
(see flB.4|) ). This agrees with the results of for Majorana mass terms. 

Performing the KK-decomposition of the Lagrangian (jlip . we obtain the interaction terms 



1 V 
7=2 



(32) 



with the coupling constants given by 



IJ 



dy 



Ci{y)Cjiy)±CFiy)a{y)\rHy) 
Ciiy)Giy)TC7iy)C}iy)]9'''^iy) 



(33a) 
(33b) 
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Following the discussion of the pure orbifold symmetry breaking in section IIII Bl we now 
verify the unitarity SRs. The SRs (fT^ are satisfied like in the pure orbifold case by the 
completeness relation of the KK-wavefunctions. 

To check the condition (|17a|) . let us first employ the interval approach where we use the 
equations of motion without delta-singularities and impose the nontrivial BCs (j?fj) instead. 
Similarly to (fTS|l we obtain 



m, 



.gfj" = ±ir5 I dy [c/(l/)C7(l/) T (FivKj] dyf^'^{y) 

= -i{mj T mj)rtr + [ [C/C7 T C7C;] , (34) 



Provided the boundary term vanishes, this is indeed the condition ()17a|) translated to the 
vector and axial vector couplings = \{Tr ± 77) used in this section. 

For the broken gauge bosons A~ the boundary term vanishes since the wavefunctions of 
the gauge bosons are zero on the boundary. For the unbroken gauge bosons the vanishing 
of the boundary term is ensured by the BCs (|77j): 

[C/C7-C70l,=, = o (35) 

The same conclusion is reached in the orbifold approach, where we impose ordinary orbifold 
BCs but have to use the singular equations of motion (jSD). In the couphng to (jH^ the 
resulting additional terms at the boundary cancel, because they are the same for both C,'^ 
and 

Evidently, the vanishing of the boundary terms requires that the BCs for fermions are 
consistent with the breaking of the gauge symmetry. For an unbroken left-right gauge 
symmetry on the brane, the wavefunctions of the A~ are nonvanishing. Thus, in spite of 
consistency with the variational principle, the BCs (|27p violate the unitarity SRs in this 
case. This is of course expected since the BCs correspond to brane mass terms inconsistent 
with an unbroken left-right symmetry, but this incompatibility is not apparent in the BC 
description. Similarly, the cancellation of the boundary terms in fl34p demands that all 
components of the isospin doublets \E'l and ^ r must satisfy the same BCs ()27|) so only a 
mass term consistent with the unbroken S'f/(2)j^_|_/j is allowed. 



C. Brane localized kinetic terms and mixing with brane fermions 

As discussed in section IHl mixing with brane fermions or brane kinetic terms can be used 
to obtain a mass splitting among the components of the fermion isospin multiplets . We 
now discuss the consistency of this setup. Brane kinetic terms will be discussed first, the 
similar case of mixing with brane fermions is discussed below. In the example of Higgsless 
EWSB, the BKTs are added for the fermions on the brane where a symmetry SU{2)l x 
f/(l) is unbroken. To be consistent with the reduced gauge symmetry on the brane, we have 
to add a BKT with a covariant derivative 

^BKT = ^^ivRA^kj + ^{y) (36) 

where the A"' are the unbroken gauge bosons only. In the example of Higgsless EWSB, 
these are the U{1) gauge bosons B. In a more general situation, we can consider a general 
bulk symmetry group G that is broken to a subgroup H at the boundary by orbifolding 
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or by Dirichlet BCs. The representation of the fermions under G can then be decomposed 
into representations of H and we can allow different BKTs on the brane for fermions in the 
different representations of H . 

Taking the BKT (|36|) into account, the equations of motion for the KK modes become 

d,Q + mi{l + K5{y))Ci = Q 



The determination of the BCs and the mass spectrum is reviewed in appendix IB 21 The BC 
corresponding to the BKT is given by (j28|) and translates to the BC for the KK wavefunctions 



(z/)|j/=o+ = i^miCj{y)\y=Q+ (38) 



Again we verify the consistency of this BC with the Wis using the relation (jl7a|) . The 
presence of the BKT modifies the coupling of the fermions to the unbroken gauge bosons to 

r^ij = rt, I di/C/(y)C(l/)r(y)(l + ^S{y)) (39) 
Similarly to (fTHj) we find after integrating by parts: 

ma9lu = -i/ dydy{(:iiy)Qiy))ny) + iT-.K/Cj/l., ^^^^ 

Here the modified coupling constants (jH^ appear for the KK-modes of the unbroken gauge 
bosons in the last expression. This follows in the interval approach using the BC ()38|1 and the 
continuous equations of motion. In the orbifold-approach it results from the discontinuous 
equation of motion (p?7j) and trivial BCs. For the coupling to the broken gauge bosons, the 
boundary terms vanish since the gauge boson wavefunctions vanish on the boundary. 

We therefore have shown that in the presence of unbroken gauge symmetries on a brane, 
the modification of the BCs ()38|) necessitates the modification of the couplings of the fermions 
to the unbroken gauge bosons according to (jH^ . In the orbifold approach, this modification 
appears naturally by using covariant derivatives in the BKTs. 

Finally, we turn to mixing with brane fermions that is very similar to the case of 
BKTs [l5|- We consider the mixing of the right handed component of the five dimen- 
sional fermion = {xr, Vr) with a brane localized fermion ip = {x,i]) at y = via a mass 
term: 

•^NH. = S{y) [i^ii^Sij + rp")7/^,- - fx^Piiji - Mt^ (r]l^x^ + x\m,)] (41) 

Similarly to the BKTs, only a coupling to the unbroken gauge bosons is present. As discussed 
in appendix IB 3| the solution of the equation of motion of the brane fermions takes the form 

v'(-)-i:.''»(t'wO 

with 
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Here the same spinors x ^^id 77 appear as in the KK decomposition of the bulk fermions (|7j) . 
The equations of motion and BCs for the bulk fermions are the same as in the case of 
BKTs fj38p with the replacement 

Ki = — 2 (44) 

— mj 

Because the decomposition of the brane fermions involves the KK-wavefunctions at the 
location of the brane, the couplings of the fermion KK-modes to the unbroken gauge bosons 
gets modified: 

'T^ij = rt,j dynyKtiyKjiy) (^1 + ^mr^Jj^) 

= rU dyriy) (C7(2/)C7(2/) + 5(y)C/(2/)C(2/)'^/'^j^) 



Performing the by now usual manipulations to verify ()17a|) . we find again that the singular 
terms in the equations of motion (or the nontrivial BCs in the interval approach) contribute 
just the terms needed to compensate for the changed gauge boson couplings: 

- KmiT^^.j - mjTSu) = -i J dy r[miC7Cj - rnjCtCt (^l + ^^if^' - rnj)^ 

= -ijdy r [miCjCj - mjCl,C^ (1 + kj5{y))\ = m^gl.j (46) 



Considering the limit of sending /i and M to infinity while keeping ^ = fixed [1^] we 
have Kn ^ K and recover the same BCs and equations of motion as for BKTs. As required 
by this analogy, the modification in 7^ in (|45|) vanishes in this limit. Again we have found 
that modified BCs are consistent with the gauge symmetry only if they correspond to a 
boundary term invariant under the reduced gauge symmetry and the peculiar form of the 
additional terms in (^3)) enforced by gauge symmetry has played an essential role in verifying 
the consistency. 



V. SUMMARY AND CONCLUSIONS 

We have applied the sum rules obtained from tree unitarity [l3| and Ward identities 
to discuss the consistency of higher dimensional mechanisms for fermion masses without 
Higgs bosons. In section IIIII we have introduced an orbifold mechanism to obtain Dirac 
masses for five dimensional fermions in a chiral theory and have checked the SRs for general 
orbifold gauge theories involving bulk fermions. Similar to a pure KK gauge theory, the 
unitarity sum rules are satisfied by interlacing cancellations among the KK-states of both 
bulk fermions and gauge bosons. 

To obtain a mass splitting among the components of the isospin doublets in the SM, 
the orbifold mechanism is not sufficient and generalized boundary conditions corresponding 
to brane localized mass and kinetic terms and mixing with brane fermions are employed 
in models of Higgsless EWSB. In section HVl the consistency of these boundary conditions 
has been discussed. While the approach of 15] to impose BCs consistent with the vari- 
ational principle at the boundaries of an interval avoids ambiguities from discontinuous 
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wavef unctions, the consistency of the BCs with gauge symmetries is more transparent in the 
equivalent description in terms of brane locahzed terms. We have found that indeed only 
boundary conditions corresponding to brane localized mass and kinetic terms respecting the 
reduced gauge symmetry on the brane are consistent with unitarity and Wis so they can be 
considered as soft symmetry breaking. 

Apart from the models of Higgsless EWSB that have served as example in this work, the 
consistency of the picture of explicit but soft symmetry breaking by brane localized terms 
invariant under a reduced gauge symmetry is also expected to be important for Higgsless 
models of gauge unification in higher dimensions. 

Another interesting question that is left for future work is the possible description of 
brane localized mass terms in gauge theories in terms of Scherk Schwarz breaking |l7| . 
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APPENDIX A: EFFECTIVE LAGRANGIANS FOR KALUZA-KLEIN MODES 

1. Kaluza-Klein decomposition of gauge bosons 

In this appendix we set up our notation for the KK lagrangian and decomposition of the 
gauge bosons, following the general higher dimensional case discussed in j^. 
The 5 dimensional Yang Mills lagrangian is given by 

^, = -\Fls{x.y)F^^^^{x,y) (A.l) 

with the field strength 

y) = dAA%ix, y) - ^^^^(x, y) + r''A\{x, y) (A.2) 

Here we include the higher dimensional gauge coupling g^^ in the structure constants. We 
use a 'mostly minus' metric qab = diag(?7^i,, —1). The KK decomposition of the gauge fields 
is introduced as 

A^ix '^>^yA-\-(fn{y)KA^)\ .A3) 

^Al^, y) - y_^a^^^ y) \-gl{y)rn{x) J ^""'^^ 

The sign of the scalar component is chosen because of compatibility with our conventions 
for the Wis used in |6|. The wavefunctions p = f,g satisfy the differential equation 

d^iy) = -<'Pn (A.4) 

They are taken as orthonormal and satisfying a completeness relation: 

d^l/P;:(Z/)P^(y)=^n,m (A.5) 



15 



n 

In these equations the group indices are not summed over. To diagonahze the interaction of 
the vector and scalar components we choose 



dyfn = m^gn , dyQu = -m^fn (A. 7) 

This relations can be used to obtain the effective four dimensional Lagrangian of the KK 
modes. To simplify our notation, we introduce a multi-index notation with (a, i) = a. The 
cubic interaction terms relevant for the SRs discussed in section lllllare found as 



■^cnl = -g'^^'d.A^A^'^A^^^ - 1t|^ a;:^^ + . . . (A.8) 
where the coupling constants are given by 

g^P^ = jd''yr{y)f{y)r{y) (A.9a) 

T^, = r'"" Jd''yny)g^{y)g'{y) (A.9b) 

The complete lagrangian and the coupling constants in an arbitrary number of dimensions 
have been given in [y]. 

2. KK-decomposition for Fermions 



We now introduce our notation for fermions on a 5-dimensional orbifold [21|, . The 
Lagrangian is taken as^: 

^f = ^,{x,y){idMr'' -m,{y))^,{x,y) + ^,{x,y)T^^T^'Al,{x,y)^ (A.IO) 

with the 5-dimensional gamma-matrices 

= , = (A. 11) 

and where the r" are the generators of the gauge group in the representation of the fermions. 
The mass function must be odd under the orbifold transformations (0). 
The resulting equation of motion for the free fermion fields is 

ii^--f'd5-mi{y))^i{x,y) = (A.12) 

We introduce the KK decomposition for the left-and righthanded components: 

X{x,y)\ f Xn{x)Cniy) 



We use a 4-coniponent notation for the spinors with the notation of [2^ i.e. 7^ = ( j and 



1' 



-1 0^ 
, 1, 



16 



where ?7„, Xn are 4- dimensional right- and lefthanded spinors that satisfy the appropriate 
Dirac equations: 

icr^9^?7„ - m„Xn = , ia^d^Xn - "^„?7„ = (A. 14) 

The KK wavef unctions satisfy the equations of motion 

{^dy - m{y))C^ = -m^Q (A.15) 

and completeness and orthogonality relations similar to ()A.5j) hold. 

Inserting the KK decompositions into the Lagrangian and integrating over the fifth di- 
mension results in the interaction lagrangian: 

^fKK = i^lM^LuC-^) + '^RIjC-^)i^J + MaighjC-^) + 9^ jC-^))^' J (A.16) 

where we have used a multi-index notation with (n, i) = I and defined the 4 dimensional 
Dirac spinors tpi = (xhVi)- Since only the left or righthanded component possesses a zero 
mode, either xo,i or ?7o,j vanishes, we take this as understood. 
The coupling constants are given by 

'^R/Lij = rt, I dyCf{y)Cj{y)ny) (A.17a) 

g2/nij = ±ir;5- 1 dyCfiyKj{y)g-{y) (A.17b) 



APPENDIX B: BOUNDARY CONDITIONS FOR BRANE LOCALIZED TERMS 



1. Brane mass terms 



The equations of motion obtained in the presence of the brane mass term Q are given 

by 

ia'^d,r]L + d,XL - 5{y - e)lMnXR = 

i(r^d^XL - dr>r]L - 5{y - l)lMDm = ^ ' ' 

and the same equations with left and right handed fermions exchanged. The solutions have 
been found in [l9| in the context of Majorana brane masses. Here we discuss only the BCs 
and the mass spectrum, following J^J. Using the definition of the wavefunctions (jHU]) and 
the equations of motion (jSH), we obtain a decoupled differential equation for the ratio of the 
two wavefunctions trn{y) = 

d,tM = (1 + tl)mn - (1 - tl)5{y - i)MDi (B.2) 

This equation can used to determine the BCs of the wavefunctions, e.g. by integrating over 
a symmetric interval [i — e, i + e] in the orbifold approach. In the interval approach on may 
integrate over [i — e,i] and define Jq S{y — tj = \ [18j. Here we follow [l^ and displace the 
delta function to y = £ — | and impose the same BCs at both boundaries: 

5.C(2/)ly=o/ = , C(y)l.=o/ = (B.3) 

Integrating over the interval [C. — e, P\ results in the BCs 

tn{y)\y=i- = artanhMc^ (B.4) 
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i.e. ()27|) with a = artanhMj)^. Introducing an ansatz compatible with the BCs ()B.3|) at 

y = i 

tn{y) = tan(m„(y - £) - ^i{y)) (B.5) 
the differential equation ()B.2|1 reduces to: 

5.^K^/) = |[^%-^)W (B.6) 

From this, we obtain in agreement with jl9l |: 

f^tiy) = arctan(tanh5£e(?/ — £)) (B.7) 
where Sg = ^ and e{y) is the sign function with periodicity 27r 

-1, -7rR<y<0 
<y) = <( 0, y = (B.8) 
1, < ?/ < 7ri? 

While the BCs aX y = £ are satisfied by construction, the BCs at y = yield the mass 
quantization condition 

TL Ti 

rrtn = — — V^f(O) = — + arctan(tanh5£)) (B.9) 
K K 

2. Brane kinetic terms 

The equations of motion in the presence of boundary kinetic terms are given by 

i(l + nSiy))a'^d,rj + d,x = 

To solve these equations, we will impose the BCs 

= x{y)\y=o,i = dyr]{y)\y=o,e (B.ll) 

and locate the brane an infinitesimal distance away at ?/ = |. The solution for the KK 
wavefunctions can be found in ji^. Here we follow the same approach as in the case of 
brane masses to determine the mass spectrum. The equation for t„ is given by 

d^tn = m^{l + tl) + KmXS{y) (B.12) 
From this we determine the BC at y = 0^ as 

tn{y)\y=0+ = — (B.13) 

KUln 

in agreement with ()28p . In this case, an ansatz compatible with the BCs is given by 

tn{y) = - cot{mny - ^o{y)) (B.14) 
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and the resulting equation for ipa reads 



t 



2 



dy^oiy) = ^^^^6iy)Km^ (B.15) 
We obtain 

!fo{y) = arctan(-i/tm„e(?/)) (B.16) 
The BCs at y = i result in the mass quantization condition 

tanm,£=-^ (B.17) 
also found from the explicit solution for the wavefunctions [23l |. 

3. Mixing with brane fermions 



In the presence of mixing of brane and bulk fermions [15[, the equations of motion re- 
sulting from (PT|) read 

icT^d^VR + d5XR - S{y)i-^Mx = 
i(^''d^XR - d^m = 

i^^'^mX - /^^ - i^M7]ii\y=o = 
The first equation implies the BC 

XR(y)\y=o+=i-^Mx (B.19) 
We decompose the brane fermions as 

The coefficients a„ and /?„ are fixed by the last two equations of ()B.18|) : 

Using the usual KK-decomposition we then obtain the equations of motion for the 
KK-modes 

with 

= T B.23 

Thus the wavefunctions satisfy the same equations of motion ()37|) and hence also the same 
BCs (|nHj) as in the case of BKTs with the replacement k — > k„. 
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